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THERMOMIGRATION IN TWO-PHASE STRUCTURES

Thermomigration in an eutectic two-phase structure is analyzed. Concentration
gradient is not a driving force of diffusion in this case and does not oppose the segregation.
Microstructure instability appears due to lack of chemical potential gradient which could
counteract temperature gradient. No steady state of composition gradient will take place,
instead random states of phase separation precede a complete phase separation. Kinetic
analysis of flux migration in a two-phase structure under the constraint of constant volume is
given. The ripening of two-phase alloys with account of thermomigration produced by
inhomogeneous joule heating is considered. It can lead to formation of stable monosize
distributions.
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Thermomigration is defined as a mass migration driven by a temperature
gradient. In solid solutions, thermomigration is opposed by concentration gradient
and eventually leads to some steady-state concentration profile. In the flux equation
for solid solution two competing terms are present:
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Thermomigration in two-phase structures

where C is concentration, D is diffusivity, Q* is heat of transport, and kT has the
usual meaning. Accordingly, when the concentration gradient in the uphill diffusion is
large enough, there is no net thermomigration, i.e., J = 0. A steady state can be
reached, in which a constant concentration gradient in the solid solution will be
maintained. This was achieved in the experiment of thermomigration in the Fe-C
system by Shewmon, for example [1]. The concentration of C in Fe has reached a
linear gradient.

In [2] we reported the thermomigration in eutectic two-phase structures, such
as the SnPb solder. It is very different from the Soret effect. The change of
concentration in the two-phase structure under a fixed temperature does not mean
any change of chemical potential since the two phases co-exist in equilibrium with
each other. The concentration change or segregation in the mixture means only a
change of volume fraction of the two phases, in other words, it leads to a gradient of
volume fraction, but not a gradient of chemical potential. Gradient of volume fraction
is not a driving force for atomic diffusion, therefore up-hill redistribution of the volume
fraction is not counteracted by chemical force. Thus, we may ignore the last term in
Eq. (1). Consequently, segregation in eutectic two-phase mixtures can be enormous,
SO no steady state of a constant concentration gradient exists, instead a complete
segregation occurs at the end of thermomigration. What is also unique is that due to
the lack of counteracting force, the segregation is not smoothened by diffusional
processes, so a tendency of stochastic behavior occurs during thermomigration of
the eutectic mixture. We did not find a smooth concentration gradient as the Soret
effect in a solid solution. Rather we found a random state of segregation.

In this paper we introduce a formal description of thermomigration in a two-
phase structure assuming a coarsened space scale. We do not restrict the alloy
composition at the eutectic point. Rather it can be a two-phase mixture below the
eutectic temperature having any composition between the two primary phases. The
main assumptions are following:

(1) Conservation of volume and shape of samples (equalizing of volume
fluxes) at under-critical regimes, meaning no void or hillock formation. Two ways of
equalizing volume fluxes will be discussed, either by back-stress or by Kirkendall
lattice shift [1,3].

(2) The fluxes do not contain concentration gradient terms.

Consider a two-phase mixture of almost pure components, therefore hereafter
the indexes 1 and 2 correspond to phases as well as to species. Since we shall limit
ourselves within the “under-critical” regime, where the shape of the sample remains
unchanged, we have the constraint of constant volume in every part of sample. It
means that in laboratory reference frame the sum of volume fluxes of two species
should be zero everywhere:

:1‘]1 . 2‘]2 O’ (2)
where J,,J,- fluxes of atoms per unit area per unit time, and : ,: ,- atomic volumes.
For convenience, we introduce the local volume fractions of phases; p,,p,:

/i /
8n; 8iolT8 % Pi » (3)
PP 1,

wheren, is number of atoms of either 1 or 2 species per unit volume. In the

coarsened space scale, the unit volume 'V includes at least a few grains.
The fluxes generated by the temperature gradient are given as
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If they have the same direction (if Q. have the same sign or the heat of

transport of 1 and 2 are both positive), they will not satisfy the constraint in Eq. (2).
In Eq. (4) we neglect the distribution of thermal field between particles of different
phases with different thermal conductivities [4,5]. And D, are the tracer diffusivities of

specie 1 and 2 in the two-phase mixture. The diffusivities D, and heats of transport
Q. of both species are not just the characteristics of components in single phases,

since the migration trajectories of all atoms in a random two-phase mixture may pass
through the grains of both phases and interfaces between them. Therefore, in
general, D,and Q. are some averaged characteristics which depend on volume

fraction and geometry of mixture [6,7].

To satisfy the constraint of constant volume in Eq. (2), we assume that there
are two alternative ways: back-stress and lattice shift, or may be a combination of
these two.

(a) Thermomigration induced back -stress in two -phase mixtures .

We apply the back-stress concept in electromigration in Al interconnects [3] to
thermomigration in a mixture of two coexisting phases. Accumulation of excess
atoms at the anode and of vacancies at the cathode leads to stress gradient,
changing the fluxes, so that the total flux of volume becomes zero. Namely,

g P2l g, 2 gy, PLogo T g 3. (5)

S 4 kT X -

Substituting Eqg. (5) into the constraint of Eq. (2), we obtain an expression for
arising stress gradient:

s dnT pDQ;,  p,D,Q, _ (6)
S x pD; 8 pD28
Due to this back-stress influence, the larger flux becomes less, and the
smaller flux changes its sign to opposite, so that now they compensate each other.
Indeed, substituting expression Eq. (6) into Egs. (5), we obtain,
g1/KT) P:P2D1D; L Qo
8J; o182 oD, 8 mD,8, %8 8 @ 8 2Js. (7)
Last equation demonstrates the thermomigration-driven segregation under
back-stress. As we can see from Eg. (7), in the case of equalizing fluxes by back-
stress, the rate of segregation is determined by the slow species: if, say, diffusivity of
species 2 is much less than that of species 1, then
D1D2 X DlDZ D2
pD18  p2D28, D18 0 p8y
Moreover, the sign of segregation is determined not by the difference of

(if fraction p, is not too small).

diffusivities, but instead by the difference of ratios of % %ﬁ ;, as shown in Eq. (7).

Both Q; and Q2 can be positive, yet it is the difference of the ratio determines which
one will diffuse with or against the temperature gradient. For example, the depletion
by Pb (and corresponding enrichment by Sn) at the hot end does not necessarily
mean that Pb is a faster diffusant than Sn, or the heat of transport of Sn is negative.
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It means % % -, if indeed back-stress is a main factor and if Kirkendall shift may
b n

be ignored.
The redistribution of volume fractions is determined, of course, by continuity
equation.

'S 81ﬂ ﬂ , SO that
g 4 X
$1 eE < 1 ZZ __‘S D1D2
H S5 2 > 1 : 8
g KT B2 8 8 @eb 8 (1 p)D:8& PL PL ®)

(b) Thermomigration driven Kirke  ndall effect in binary mixtures
In the alternative case, there is no back-stress at all, meaning all possible
stresses are relaxed immediately by lattice shift. In a usual polycrystalline body with
large grains it is described by dislocation climb as the source and sink of vacancies,
and corresponding construction of extra planes in the region of atoms accumulation,
and deconstruction of planes in the region of vacancy accumulation. Vacancy is at
equilibrium everywhere in the sample as assumed in Darken’'s analysis of
interdiffusion. Yet, in a eutectic two-phase structure, the picture may not be so
simple. Instead the Kirkendall shift velocity U might be described in terms of self-
consistent growth and shrinkage of grains
U 1 R(t,x)
‘% R@tx) §
where R(t, x) is a mean grain size in the narrow slice with coordinate x. *3
We assume that by some mechanism the Kirkendall lattice shift is guaranteed,
and it equalizes opposing fluxes without any back-stress. Then, in laboratory
reference frame:
L/KT)

8131TM PDiQ: = (1 8232TM P2D,Q, poU . (10)

Substitution of Egs. (10) into the constraint of Eq. (2), we obtain the velocity of
Kirkendall shift,

(9)

S1/KT)

1/KT

u PDiIQ1  p2D2Q; & )- (11)

Substituting Eq. (11) into flux Egs. (10), we obtain the final equation for fluxes
of both species in laboratory reference frame; they are equal but opposite.

Sel -
8J; QD QD plngﬁ :®8 2d2 - (12)

In this case the rate of segregation will be determined mainly by the fast
species, and the sign of segregation is now determined, by the difference in product
of diffusivity and heat of transport, contrary to the previous case of back-stress.

The redistribution of volume fractions will be then determined by continuity
equation:

»1
% Ti &QlDl Q:D; p(d pl)—xsi(?E(- (13)

An interesting point with the second case (thermomigration driven Kirkendall
shift) is that there is no void formation or hillock extrusion at all. Relaxation of
stresses is provided by Kirkendall lattice shift as there are no supersaturated
vacancies and also no stress generation as in Darken’s analysis of interdiffusion. So,
we do not expect failure by void or hillock formation. Yet, failure happens eventually
in experiments of thermomigration. A possible explanation of this paradox might be
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the following. When composition at the hot end develops into almost pure Sn due to
segregation, the vacancy sinks in the pure Sn cannot provide the annihilation for all
incoming vacancies because Sn has a protective oxide. We expect a switching from
Kirkendall-shift regime to back-stress regime, with formation of voids.

(c) Stochast ic tendency in thermomigration
In both cases, back-stress and Kirkendall-shift, the equation for redistribution
of volume fractions is of the type,

T Zyeom@ p) 7 (14)
but with different explicit expressions for the kinetic coefficient V (which has the unit
of velocity). It is a first-order nonlinear equation, very different from Fick’'s second law
or from Fick’s second law with a drift term. The main difference is that it does not
contain the second space derivatives, which tend to smooth out any local fluctuation
of the composition profile by diffusion. If V is a constant, Eq. (14) is reduced to the
well-known Burger’'s equation in hydrodynamics with zero viscosity term, having
peculiarities of solutions like shocks [8]. It means that even a smooth waviness of
composition profile should evolve into sharp breaks of the concentration profile.

Therefore we might expect at least low stability, or even instability of solutions
against small fluctuations. We emphasize that it is not just a problem of numeric
solution. It is a real instability of microstructure of a two-phase mixture under
thermomigration. To investigate the instability, we first analyze the case V = const in
Eq. (14). To find out the conditions for this instability, we let po(t,x) be the unperturbed
solution of Eqg. (14). At some moment to, a small perturbation @(t,,x) is introduced.

How this perturbation will evolve in the first period after initiation (when the
perturbation is still small) has been studied by substituting p(t,x) p,(t,x) @(t,x)

into Eq. (14) with constant V, and by neglecting the quadratic terms 2, we obtain
with such linear analysis,
= va )P v Pogp. (15)

The first term in the right-hand side of Eq. (15) is responsible for propagation

of perturbation with velocity V(1 2p,(t,x)) along the axis x (if p,(t,x) 1/2) or in
opposite direction (if p,(t,x) !'1/2). The second term is important for understanding

of thermomigration-driven roughening. It means that the time-dependence of
perturbation amplitude should be exponential,

dp(t.x)  plto,x), exp BV -20(t 1) : (16)
This exponential change means increasing perturbation in the case of
2\/% 0, but decreasing in the opposite case. The initially smooth and wavy

perturbation should transform into sharp shock-wave like disturbances. Thus,
thermomigration should lead to randomness in the microstructure [2] and to
stochastic variation of composition profiles.

Ripening under thermomigration
Electromigration studies in eutectic tin-lead solder bumps as well as in
composite bumps (high-Pb solder and eutectic SnPb solder) clearly demonstrate the
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formation of fibrous structures under direct current or alternative current of density
about j 10°A/m? and higher [9,10]. The fibrous structures are formed as colonies

(more or less parallel to the local current direction) and seem to be more or less of
monosize (no large scatter of radii) inside each colony.

We consider here a two-dimensional (2D) array of long rods of phase 2
(precipitates) inside parent phase 1 (solid solution). The initial volume fraction
(actually, area fraction) of phase 2 and/or initial supersaturation are taken as small
enough so that we neglect the screening, short-range order and “noise” effects in
ripening. Current is passing parallel to the rod direction, so that we have parallel
conduction of two phases. We consider the case of alternative current, not to bother
about electromigration along rods. Due to different electric conductivity of phases the
joule heating inside phase 2 differs from that in phase 1. It produces local
temperature gradients around each rod. In turn, these local temperature gradients
cause the additional driving forces and additional thermomigration fluxes in or out of
the rods, respectively. As shown below, these fluxes though small by absolute value,
may well be comparable with the diffusion fluxes, generated by Gibbs-Thomson
curvature effect.

Let T, be a steady-state temperature distribution in the whole sample under
AC in the case of absence of phase 2. Strictly speaking, this distribution cannot be
spatially uniform, since the steady-state equation for temperature field includes the
heat source, so that the Laplacian of temperature field cannot be zero:
ky < 2T, r s.E2. a7)
Here A, | are the thermal and electrical conductivity of the parent phase, E
is the applied electric field (E j/ V), which will be more convenient than the current
density (j) in the case of parallel connection because the field is the same in both
phases. The existing global temperature gradient should generate a global
thermomigration flux in the whole sample. Yet, as it is well known, in solid solutions
the thermomigration flux is very effectively counteracted by the arising concentration
gradients, so that eventually, the total global flux of solute in parent phase becomes
zero [1]. Thus, in the case of single parent phase (solid solution without precipitates)
there is a “background” temperature distribution and a “background” composition
field, which is tailored by the temperature field.

Next we shall treat the effects related to the change 'T r~ of the local
temperature field and the respective redistribution of composition fields caused by
the insertion of phase 2 to replace phase 1 inside the rods. The additional heat
source/sink distribution (per unit volume) is

qr) s, s; E2r R
aqr) OR r Rg '

Here R, is a radius of “responsibility” region around a given rod. In the
following, we use the well-known approximation, assuming that the ratio R,/ R is the
same for each rod, so that it can be expressed in terms of second phase volume
(area) fraction f: R,/ R® 1/ f. Thus the additional temperature distribution inside

and around each rod of phase 2 is determined by the following standard steady-state
boundary problem, using continuity of temperature and its gradient at the interface,
and tending to a mean-field temperature at the periphery of each region of

(18)
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“responsibility™:

kzrlgsgs—;%;@ s, s; E4r R,
19
E_Se_S%-_' R (19)
rsré $ :® ’
eSO - -s% -
WR O % R 0% R 0, kp g Y Ky ®(20)
Solutions are given below:
S, S 3 k R, -s, s
R:%T 2 lEZRZ 2| 2 12 2
' T 4, # "R &, O (21)
V ~
rIR:"T(r) Y Vepery (22)
2N R,

For our problem, we need only the temperature gradient outside the rod:
£S9T - S, S;_,R? ¢S - S, Si_»
T® 2k, S 5{?}@0 2k, ER. (23)
The flux of solute around a rod is determined by the temperature gradient
(thermomigration term) as well as by the concentration gradient (Fickian term), where
the concentration consists of the equilibrium value (solubility) c® and the local
supersaturation @:

8 D;r— ;ﬁi%@ ¢ der,br  c%. (24)
Here, Q is the heat of transport for thermomigration of solute atoms in the
parent phase 1.
In line with the standard LSW theory of ripening [11,12], the steady-state
solution for concentration can be found under thermomigration:

div 8 00« % k%%%(T) 0, dcR ¢t R, %, (25)

a
RI
Here D ceq:—_'l_ , where J : ,k are interface tension, atomic volume, Boltzmann

constant, respectively. Since outside the rod ’*(' T) 0, then the steady state
distribution of concentration gradient around the rod is given as:

ge 1% a/R . Re 1 ?
< with h win=r Sing - (26)
Thus, the total flux of solute at the interface is obtained as in the following:
$1% a/R c®Q s, s; _,_ .
8J D E°R 27
RO % R 2k KT 2 : (27)
so that the growth/shrinkage equation has a specific thermomigration addition:
dR Da 1 % % hQ s, s1 rops:
— =1 E2R3 :. 28
dt hR2 alc®  2k,kT? : (28)

We shall see now that the thermomigration term, depending on its sign, will
change the size distribution evolution.

We introduce the following characteristic size:
5 U3

| ?g’ a/ceq Z(lkT i :'Z 29 8k1T i E_| (29)
illQ S, Sp IE ® §1|Q s, s; |[E°-®
Then
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dR Da 1 & % R3 _ drR® 3Da g % R3
® hrRifa PP @ nh §a P (0

It is convenient to choose the following dimensionless parameters:
U RII, %w%e'?. (31)
dr® 3Da
Then o e
The following analysis depends on the sign of the productof Q V V. The

most interesting result seems to appear in the case of having a negative sign of this
product. As it is known that the heat of transfer depends on many factors and can
have any sign, depending on the parent phase and on the type of the solute. So, we

choosethecase, Q y VYV !0.

r,% 1lor3 . (32)

B B & & & n
IS

(@) (b) (c)

Fig.1. Dependence of particle cubed size growth/shrinkage rate dd_? on its size L for

various nondimensional supersaturations: (a) ' '~ 3/2® - all particles shrinking,
supersaturation growing; (b) ' ' -transient point; (c) ' ! '~ - growing particles — between
two roots (two intersections), shrinking particles — less than first (smaller) root or larger than
second (larger) root, first root — unstable equilibrium, second root — stable equilibrium.

The analysis below has much in common with the LSW analysis, but it does
not use the reduced size in u-space, since, due to the thermomigration term, this
problem has no scaling behavior. The rate of growth/shrinkage is determined by the
polynomial, U"' 1 1. Depending on the value of supersaturation, three cases are

possible, as depicted in Fig. 1. In case (a) of small supersaturation, all rates for any
size are negative, so all rods are shrinking, leading to the increase of
supersaturation. In case (b) of critical supersaturation, the curve touches the zero
level. Conditions of the touching are given by:

dr®  3Da 3 dd?® 3@ 2
o e T Oarat we ° (33)
So,
« « 3 « 3 a
1/3 I
r’2 0794% 5 1889x19% —mo (34)

In case (c) of large supersaturation, the first (less) root corresponds to
unstable size (the smaller is shrinking, and the larger is growing). The second (larger)
root corresponds to stable size (the smaller is growing, and the larger is shrinking,
both converging to this very size). We should emphasize once more that all this
corresponds to absolute values. It means that we may expect the converging of the
absolute size distribution to a delta-function or monosize distribution. Of course, the
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physical reason is evident; the thermomigration flux increases with increasing size,
contrary to the Fickian flux. In our case,Q Y V !0, the thermomigration flux is

directed outside (from rod to parent phase), providing the limit for the growth of
second phase particles. This flux stabilizes the absolute size distribution.

So far we did not manage to find an analytical solution of Eq. (32). The main
reason is the absence of scaling. Another reason is that the supersaturation, in our
case, is not obliged to go to zero. Actually, as we will see later, it goes to some
nonzero limit. Yet, the numerical analysis can be made. We use the method,
described, for example, in [13,14]. We started with N, 2000Q particles and just

solved numerically the set of growth/shrinkage Eqgs. (32) for all particles plus the
equation for supersaturation behavior, taking the conservation law into account and
removing any particle which has reached zero size:

dr;3

T % 1R LN, (35)
ot Do

% % 11 f]? fpb f .1 cd, f fo,g(w??@aggéﬁ- (36)
i1 ‘

The main results of numerical analysis can be summarized as following. In
general, the kinetics depends on the initial mean size, initial size distribution, and
initial supersaturation. In all cases (for any initial conditions), the size distribution
tends to the monosize one. Here we demonstrate the results obtained when the initial
supersaturation was taken to be coincident with the asymptotic LSW condition:

' DR,,sothat ', 1/7Y. The initial size distribution was taken as uniform within
some interval 0, ™ ,7{/ JU/2.If the initial average size (before switching on the

current) is substantially less than U 2%® 0.794, the system starts with LSW-like
evolution, with growing average size, and proceeds with LSW-like distribution,
broadening and shifting to larger sizes. But when this distribution approaches U, it
becomes more and more narrow and finally becomes monosize, with all sizes equal
to U (Fig.2). Simultaneously, the supersaturation approaches the critical value

" 1.89.

24003 Lo SoilioLl __.___E__J:__J:__

200 oo oilioLl __.___E__J:__J:__

AL e e e e e
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8004 -+
600§ R R TTITETEEAEAS AN B
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KN :
o 1 0,250,720 350 40 450,50, 550,60 650, 70,750 50 550,50, 9
o

Fig. 2. Evolution of size distribution in case Q ¥ V1 0. (a) intermediate stage (LSW-
type), (b) final stage - approaching to monosize.
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If the initial average size is substantially larger than U, the distribution starts
narrowing from the very beginning, shifts to smaller sizes and finishes also with a
monosize distribution. Yet, this final monosize is larger than U and depends also on

the non-dimensional ratio of |/ L. For example, for |/ D 1000 and Y !! 1, itis
about 3.37U |2.7. Supersaturation is then tending to about 5'°  9.7.
Forthecaseof Q V V 0, the thermomigration flux is directed towards the

rod (incoming flux), and it will not suppress the growth. On the contrary, it accelerates
the growth: the larger the particle, the faster the acceleration. So, size distribution
always broadens and moves to larger sizes. This leads to supersaturation becoming
negative or a depletion of the parent phase. This case will be described in details
elsewhere.

To check if the abovementioned behavior can be realized in real systems at a
reasonable space scale, we evaluate the characteristic length according to Eq. (29).
We choose the following parameters which are typical for the Sn-Pb system:

g 0.2#,8 2.71, 10 ®m3k, 56.6%1 423K,

1/s; 2.08,10 " ;1 0.0043*150 8 m1/s, 1.13 107 1 0.0045*150 8m,

j 15,108A/m2 ° Ex 30V/m,h 2Q 24.1% 0,4 10 °J/atom

It gives | the value of 8 microns. If the parent phase is dielectric, the thermal
conductivity may be 2 to 3 orders less, so the characteristic size of the final monosize
distribution will be 5 to 10 times less, which is about 1 micron. If we use a stronger
field (larger current density), we may obtain nanoscale particles.

Summary

1. Thermomigration in eutectic two-phase structure leads to the microstructure
instability, due to the lack of chemical potential gradient in two-phase mixture to
counteract the temperature gradient. Instead of steady state of composition gradient,
the complete phase separation proceeds as a result of combination of
thermomigration with Kirkendall effect or with backstress.

2. A stable monosize distribution in ripening is quite possible in the case of
joule heating of precipitates and thermomigration of solute in the parent phase, under

the condition of Q ¥ V' ! 0. The final cubed monosize is proportional to thermal

conductivity of the parent phase and surface tension of the interface, and inversely
proportional to the heating power.
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