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THERMOMIGRATION IN TWO-PHASE STRUCTURES 
 

Thermomigration in an eutectic two-phase structure is analyzed. Concentration 
gradient is not a driving force of diffusion in this case and does not oppose the segregation. 
Microstructure instability appears due to lack of chemical potential gradient which could 
counteract temperature gradient. No steady state of composition gradient will take place, 
instead random states of phase separation precede a complete phase separation. Kinetic 
analysis of flux migration in a two-phase structure under the constraint of constant volume is 
given. The ripening of two-phase alloys with account of thermomigration produced by 
inhomogeneous joule heating is considered. It can lead to formation of stable monosize 
distributions. 

 
ʈʦʟʛʣʷʜʘʻʪʴʩʷ ʪʝʨʤʦʤʽʛʨʘʮʽʷ ʫ ʜʚʦʭʬʘʟʥʠʭ ʩʠʩʪʝʤʘʭ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ 

ʛʨʘʜʽʻʥʪ ʢʦʥʮʝʥʪʨʘʮʽʾ (ʚ ʤʘʢʨʦʰʢʘʣʽ) ʥʝ ʻ ʨʫʰʽʡʥʦʻ ʩʠʣʦʶ ʜʠʬʫʟʽʾ ʽ ʥʝ ʧʨʦʪʠʜʽʻ 
ʩʝʛʨʝʛʘʮʽʾ ʢʦʤʧʦʥʝʥʪʽʚ. ʅʝʩʪʽʡʢʽʩʪʴ ʤʽʢʨʦʩʪʨʫʢʪʫʨʠ ʪʘʢʠʭ ʩʠʩʪʝʤ ʦʙʫʤʦʚʣʝʥʘ 
ʚʽʜʩʫʪʥʽʩʪʶ ʛʨʘʜʽʻʥʪʘ ʭʽʤʽʯʥʦʛʦ ʧʦʪʝʥʮʽʘʣʫ, ʷʢʠʡ ʙʠ ʤʽʛ ʧʨʦʪʠʜʽʷʪʠ ʛʨʘʜʽʻʥʪʫ 
ʪʝʤʧʝʨʘʪʫʨʠ. ɻʨʘʜʽʻʥʪ ʩʢʣʘʜʫ ʥʝ ʧʨʷʤʫʻ ʜʦ ʩʪʘʮʽʦʥʘʨʥʦʛʦ ʩʪʘʥʫ, ʟʘʤʽʩʪʴ ʮʴʦʛʦ 
ʩʪʦʭʘʩʪʠʯʥʽ ʣʦʢʘʣʴʥʽ ʩʝʛʨʝʛʘʮʽʾ ʟʨʝʰʪʦʶ ʧʝʨʝʨʦʩʪʘʶʪʴ ʫ ʧʦʚʥʝ ʨʦʟʜʽʣʝʥʥʷ ʬʘʟ. 
ʇʨʦʚʝʜʝʥʠʡ ʢʽʥʝʪʠʯʥʠʡ ʘʥʘʣʽʟ ʧʨʦʮʝʩʫ ʟʘ ʫʤʦʚʠ ʟʙʝʨʝʞʝʥʥʷ ʦʙôʻʤʫ. ʈʦʟʛʣʷʜʘʻʪʴʩʷ 
ʪʘʢʦʞ ʢʦʘʣʝʩʮʝʥʮʽʷ ʜʚʦʭʬʘʟʥʠʭ ʩʧʣʘʚʽʚ ʽʟ ʫʨʘʭʫʚʘʥʥʷʤ ʪʝʨʤʦʤʽʛʨʘʮʽʾ, ʚʠʢʣʠʢʘʥʦʾ 
ʥʝʨʽʚʥʦʤʽʨʥʠʤ ʜʞʦʫʣʝʚʠʤ ʥʘʛʨʽʚʘʥʥʷʤ ʬʘʟ. ʎʝ ʤʦʞʝ ʧʨʠʟʚʦʜʠʪʠ ʜʦ ʬʦʨʤʫʚʘʥʥʷ 
ʩʪʽʡʢʦʛʦ ʤʦʥʦʨʦʟʤʽʨʥʦʛʦ ʨʦʟʧʦʜʽʣʫ ʟʘ ʨʦʟʤʽʨʘʤʠ ʯʘʩʪʠʥʦʢ ʬʘʟ.  

 
ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʪʝʨʤʦʤʠʛʨʘʮʠʷ ʚ ʜʚʫʬʘʟʥʳʭ ʩʠʩʪʝʤʘʭ. ɺ ʵʪʦʤ ʩʣʫʯʘʝ 

ʛʨʘʜʠʝʥʪ ʢʦʥʮʝʥʪʨʘʮʠʠ (ʚ ʤʘʢʨʦʰʢʘʣʝ) ʥʝ ʷʚʣʷʝʪʩʷ ʜʚʠʞʫʱʝʡ ʩʠʣʦʡ ʠ ʥʝ 
ʧʨʝʧʷʪʩʪʚʫʝʪ ʩʝʛʨʝʛʘʮʠʠ ʢʦʤʧʦʥʝʥʪʦʚ. ʅʝʫʩʪʦʡʯʠʚʦʩʪʴ ʤʠʢʨʦʩʪʨʫʢʪʫʨʳ ʪʘʢʠʭ 
ʩʠʩʪʝʤ ʦʙʫʩʣʦʚʣʝʥʘ ʦʪʩʫʪʩʪʚʠʝʤ ʛʨʘʜʠʝʥʪʘ ʭʠʤʠʯʝʩʢʦʛʦ ʧʦʪʝʥʮʠʘʣʘ, ʢʦʪʦʨʳʡ 
ʤʦʛ ʙʳ ʧʨʦʪʠʚʦʜʝʡʩʪʚʦʚʘʪʴ ʛʨʘʜʠʝʥʪʫ ʪʝʤʧʝʨʘʪʫʨʳ. ɻʨʘʜʠʝʥʪ ʩʦʩʪʘʚʘ ʥʝ 
ʩʪʨʝʤʠʪʩʷ ʢ ʩʪʘʮʠʦʥʘʨʫ, ʚʤʝʩʪʦ ʵʪʦʛʦ ʩʪʦʭʘʩʪʠʯʝʩʢʠʝ ʣʦʢʘʣʴʥʳʝ ʩʝʛʨʝʛʘʮʠʠ ʚ 
ʢʦʥʮʝ ʢʦʥʮʦʚ ʧʝʨʝʨʘʩʪʘʶʪ ʚ ʧʦʣʥʦʝ ʨʘʟʜʝʣʝʥʠʝ ʬʘʟ. ʇʨʦʚʝʜʝʥ ʢʠʥʝʪʠʯʝʩʢʠʡ ʘʛʘʣʠʟ 
ʧʨʦʮʝʩʩʘ ʧʨʠ ʥʘʣʦʞʝʥʥʦʡ ʩʚʷʟʠ ʧʦʩʪʦʷʥʩʪʚʘ ʦʙʲʝʤʘ. ʈʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʪʘʢʞʝ 
ʢʦʘʣʝʩʮʝʥʮʠʷ ʜʚʫʭʬʘʟʥʳʭ ʩʧʣʘʚʦʚ ʩ ʫʯʝʪʦʤ ʪʝʨʤʦʤʠʛʨʘʮʠʠ, ʚʳʟʚʘʥʥʦʡ 
ʥʝʨʘʚʥʦʤʝʨʥʳʤ ʜʞʦʫʣʝʚʳʤ ʥʘʛʨʝʚʦʤ ʬʘʟ. ʕʪʦ ʤʦʞʝʪ ʧʨʠʚʦʜʠʪʴ ʢ ʬʦʨʤʠʨʦʚʘʥʠʶ 
ʫʩʪʦʡʯʠʚʦʛʦ ʤʦʥʦʨʘʟʤʝʨʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʧʦ ʨʘʟʤʝʨʘʤ ʯʘʩʪʠʮ ʬʘʟ.  

 
Keyword s: diffusion, thermomigration, backstress, Kirkendall effect, joule heating, 

ripening, size distribution.  
 

Thermomigration is defined as a mass migration driven by a temperature 
gradient. In solid solutions, thermomigration is opposed by concentration gradient 
and eventually leads to some steady-state concentration profile. In the flux equation 
for solid solution two competing terms are present: 

 
*D Q T C

J C D
kT T x x

�w �w
� ��

�w �w
, (1)  
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where C is concentration, D is diffusivity, Q* is heat of transport, and kT has the 
usual meaning. Accordingly, when the concentration gradient in the uphill diffusion is 
large enough, there is no net thermomigration, i.e., J = 0. A steady state can be 
reached, in which a constant concentration gradient in the solid solution will be 
maintained. This was achieved in the experiment of thermomigration in the Fe-C 
system by Shewmon, for example [1]. The concentration of C in Fe has reached a 
linear gradient.  

In [2] we reported the thermomigration in eutectic two-phase structures, such 
as the SnPb solder. It is very different from the Soret effect. The change of 
concentration in the two-phase structure under a fixed temperature does not mean 
any change of chemical potential since the two phases co-exist in equilibrium with 
each other. The concentration change or segregation in the mixture means only a 
change of volume fraction of the two phases, in other words, it leads to a gradient of 
volume fraction, but not a gradient of chemical potential. Gradient of volume fraction 
is not a driving force for atomic diffusion, therefore up-hill redistribution of the volume 
fraction is not counteracted by chemical force. Thus, we may ignore the last term in 
Eq. (1). Consequently, segregation in eutectic two-phase mixtures can be enormous, 
so no steady state of a constant concentration gradient exists, instead a complete 
segregation occurs at the end of thermomigration. What is also unique is that due to 
the lack of counteracting force, the segregation is not smoothened by diffusional 
processes, so a tendency of stochastic behavior occurs during thermomigration of 
the eutectic mixture. We did not find a smooth concentration gradient as the Soret 
effect in a solid solution. Rather we found a random state of segregation.  

In this paper we introduce a formal description of thermomigration in a two-
phase structure assuming a coarsened space scale. We do not restrict the alloy 
composition at the eutectic point. Rather it can be a two-phase mixture below the 
eutectic temperature having any composition between the two primary phases. The 
main assumptions are following:  

(1) Conservation of volume and shape of samples (equalizing of volume 
fluxes) at under-critical regimes, meaning no void or hillock formation. Two ways of 
equalizing volume fluxes will be discussed, either by back-stress or by Kirkendall 
lattice shift [1,3].  

(2) The fluxes do not contain concentration gradient terms. 
Consider a two-phase mixture of almost pure components, therefore hereafter 

the indexes 1 and 2 correspond to phases as well as to species. Since we shall limit 
ourselves within the “under-critical” regime, where the shape of the sample remains 
unchanged, we have the constraint of constant volume in every part of sample. It 
means that in laboratory reference frame the sum of volume fluxes of two species 
should be zero everywhere: 

 1 1 2 2 0J J�: �� �: � , (2) 

where 1 2,J J - fluxes of atoms per unit area per unit time, and 1 2,�: �: - atomic volumes. 

For convenience, we introduce the local volume fractions of phases; 1 2,p p : 

 /i i i
i i i i

V Vn p
V V

�% �8 �%
�8 �� �8 �� ��

�% �%
, (3) 

1 2 1p p�� �� , 
where in is number of atoms of either 1 or 2 species per unit volume. In the 
coarsened space scale, the unit volume V�'  includes at least a few grains. 

The fluxes generated by the temperature gradient are given as  
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1 1 1 1
1 1 1 1 1 1 1 1

ln ln (1/ )TM n D T p D T kTJ Q Q p D Q
kT x kT x x

�• �¬�s �s �s�­�ž�8 �� �8 �¸ �� �� �� �¸ ���­�ž �­�ž�Ÿ �®�s �s �s
, 

 2 2 2 2
2 2 2 2 2 2 2 2

ln ln (1/ )TM n D T p D T kTJ Q Q p D Q
kT x kT x x

�• �¬�s �s �s�­�ž�8 �� �8 �¸ �� �� �� �¸ ���­�ž �­�ž�Ÿ �®�s �s �s
. (4) 

If they have the same direction (if iQ  have the same sign or the heat of 
transport of 1 and 2 are both positive), they will not satisfy the constraint in Eq. (2).  
In Eq. (4) we neglect the distribution of thermal field between particles of different 
phases with different thermal conductivities [4,5]. And iD  are the tracer diffusivities of 

specie 1 and 2 in the two-phase mixture. The diffusivities iD  and heats of transport 

iQ  of both species are not just the characteristics of components in single phases, 
since the migration trajectories of all atoms in a random two-phase mixture may pass 
through the grains of both phases and interfaces between them. Therefore, in 
general, iD and iQ  are some averaged characteristics which depend on volume 
fraction and geometry of mixture [6,7].  

To satisfy the constraint of constant volume in Eq. (2), we assume that there 
are two alternative ways: back-stress and lattice shift, or may be a combination of 
these two. 

 
(a) Thermomigration induced back -stress in two -phase mixtures . 
We apply the back-stress concept in electromigration in Al interconnects [3] to 

thermomigration in a mixture of two coexisting phases. Accumulation of excess 
atoms at the anode and of vacancies at the cathode leads to stress gradient, 
changing the fluxes, so that the total flux of volume becomes zero. Namely,  

 1 1
1 1 1 1

lnp D TJ Q
kT x x

s�• �¬�s �s �­�ž�8 �� �� �� �8 �­�ž �­�ž�Ÿ �®�s �s
,    2 2

2 2 1 2
lnp D TJ Q

kT x x
s�• �¬�s �s �­�ž�8 �� �� �� �8 �­�ž �­�ž�Ÿ �®�s �s

.  (5) 

Substituting Eq. (5) into the constraint of Eq. (2), we obtain an expression for 
arising stress gradient:  

 1 1 1 2 2 2

1 1 1 2 2 2

lnT p D Q p D Q
x x p D p D
s�s �s ��

��
�s �s �8 �� �8

. (6)  

Due to this back-stress influence, the larger flux becomes less, and the 
smaller flux changes its sign to opposite, so that now they compensate each other. 
Indeed, substituting expression Eq. (6) into Eqs. (5), we obtain,  

 1 2 1 2 1 2
1 1 1 2 2 2

1 1 1 2 2 2 1 2

(1/ )kT p p D D Q QJ J
x p D p D

�• �¬�s �­�ž�8 �� �8 �8 �¸ �� �� ���8�­�ž �­�ž�Ÿ �®�s �8 �� �8 �8 �8
. (7) 

Last equation demonstrates the thermomigration-driven segregation under 
back-stress. As we can see from Eq. (7), in the case of equalizing fluxes by back-
stress, the rate of segregation is determined by the slow species: if, say, diffusivity of 
species 2 is much less than that of species 1, then  

1 2 1 2 2

1 1 1 2 2 2 1 1 1 1 10
D D D D D

p D p D p D p
�x ��

�8 �� �8 �8 �� �8
 (if fraction 1p  is not too small).  

Moreover, the sign of segregation is determined not by the difference of 

diffusivities, but instead by the difference of ratios of 1 2

1 2

Q Q�• �¬�­�ž �� �­�ž �­�ž�Ÿ �®�8 �8
, as shown in Eq. (7).  

Both Q1 and Q2 can be positive, yet it is the difference of the ratio determines which 
one will diffuse with or against the temperature gradient. For example, the depletion 
by Pb (and corresponding enrichment by Sn) at the hot end does not necessarily 
mean that Pb is a faster diffusant than Sn, or the heat of transport of Sn is negative. 
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It means Pb Sn

Pb Sn

Q Q�• �¬�­�ž �� �­�ž �­�ž�Ÿ �®�8 �8
, if indeed back-stress is a main factor and if Kirkendall shift may 

be ignored. 
The redistribution of volume fractions is determined, of course, by continuity 

equation. 
1 1 1 1

1
( )p n J

t t x
�s �s �s �8

�� �8 �� ��
�s �s �s

, so that 

 �	 �
1 1 2 1 2
1 2 1 1

1 2 1 1 1 1 2 2
1

(1 )
p eE Z Z D D p p
t kT x p D p D

�• �¬ �  �¯�s �s�­�ž�� �� �8 �8 �� �¸ ���¡ �°�­�ž �­�ž�Ÿ �®�s �8 �8 �s �8 �� �� �8�¡ �°�¢ �±
. (8) 

 
(b) Thermomigration driven Kirke ndall effect in binary mixtures  
In the alternative case, there is no back-stress at all, meaning all possible 

stresses are relaxed immediately by lattice shift. In a usual polycrystalline body with 
large grains it is described by dislocation climb as the source and sink of vacancies, 
and corresponding construction of extra planes in the region of atoms accumulation, 
and deconstruction of planes in the region of vacancy accumulation. Vacancy is at 
equilibrium everywhere in the sample as assumed in Darken’s analysis of 
interdiffusion. Yet, in a eutectic two-phase structure, the picture may not be so 
simple. Instead the Kirkendall shift velocity U might be described in terms of self-
consistent growth and shrinkage of grains  

 1 ( , )
( , )

U R t x
x R t x t

�s �s
��

�s �s
, (9) 

where R(t, x) is a mean grain size in the narrow slice with coordinate x. 13 
We assume that by some mechanism the Kirkendall lattice shift is guaranteed, 

and it equalizes opposing fluxes without any back-stress.  Then, in laboratory 
reference frame: 

 1 1 1 1 1 1
(1/ )TM kTJ p D Q p U

x
�s

�8 �� ��
�s

,  2 2 2 2 2 2
(1/ )TM kTJ p D Q p U

x
�s

�8 �� ��
�s

. (10) 

Substitution of Eqs. (10) into the constraint of Eq. (2), we obtain the velocity of 
Kirkendall shift, 

 �	 �
1 1 1 2 2 2
(1/ )kTU p D Q p D Q

x
�s

�� �� ��
�s

. (11)  

Substituting Eq. (11) into flux Eqs. (10), we obtain the final equation for fluxes 
of both species in laboratory reference frame; they are equal but opposite. 

 �	 �
1 1 1 1 2 2 1 2 2 2
1J Q D Q D p p J

x kT
�• �¬�s �­�ž�8 �� �� �� ���8�­�ž �­�ž�Ÿ �®�s

. (12) 

In this case the rate of segregation will be determined mainly by the fast 
species, and the sign of segregation is now determined, by the difference in product 
of diffusivity and heat of transport, contrary to the previous case of back-stress.  

The redistribution of volume fractions will be then determined by continuity 
equation:  

 �	 �
1
1 1 2 2 1 1

1
(1 )

p Q D Q D p p
t x x kT

�  �• �¬�¯�s �s �s �­�ž�� �� �� ���¡ �°�­�ž �­�ž�Ÿ �®�s �s �s�¡ �°�¢ �±
. (13) 

An interesting point with the second case (thermomigration driven Kirkendall 
shift) is that there is no void formation or hillock extrusion at all. Relaxation of 
stresses is provided by Kirkendall lattice shift as there are no supersaturated 
vacancies and also no stress generation as in Darken’s analysis of interdiffusion. So, 
we do not expect failure by void or hillock formation. Yet, failure happens eventually 
in experiments of thermomigration. A possible explanation of this paradox might be 
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the following. When composition at the hot end develops into almost pure Sn due to 
segregation, the vacancy sinks in the pure Sn cannot provide the annihilation for all 
incoming vacancies because Sn has a protective oxide. We expect a switching from 
Kirkendall-shift regime to back-stress regime, with formation of voids. 

 
(c) Stochast ic tendency in thermomigration  
In both cases, back-stress and Kirkendall-shift, the equation for redistribution 

of volume fractions is of the type, 

 �< �>1
1 1 1( ) (1 )

p V p p p
t x

�s �s
�� �� ��

�s �s
, (14)  

but with different explicit expressions for the kinetic coefficient V (which has the unit 
of velocity). It is a first-order nonlinear equation, very different from Fick’s second law 
or from Fick’s second law with a drift term. The main difference is that it does not 
contain the second space derivatives, which tend to smooth out any local fluctuation 
of the composition profile by diffusion. If V is a constant, Eq. (14) is reduced to the 
well-known Burger’s equation in hydrodynamics with zero viscosity term, having 
peculiarities of solutions like shocks [8]. It means that even a smooth waviness of 
composition profile should evolve into sharp breaks of the concentration profile. 

Therefore we might expect at least low stability, or even instability of solutions 
against small fluctuations. We emphasize that it is not just a problem of numeric 
solution. It is a real instability of microstructure of a two-phase mixture under 
thermomigration. To investigate the instability, we first analyze the case V = const in 
Eq. (14). To find out the conditions for this instability, we let p0(t,x) be the unperturbed 
solution of Eq. (14). At some moment t0, a small perturbation 0( , )p t x�G  is introduced. 
How this perturbation will evolve in the first period after initiation (when the 
perturbation is still small) has been studied by substituting 0( , ) ( , ) ( , )p t x p t x p t x�G� ��  

into Eq. (14) with constant V, and by neglecting the quadratic terms 2p�G , we obtain 
with such linear analysis, 

 0
0(1 2 ( , )) 2

p p pV p t x V p
t x x

d d
d

�• �¬�s �s �s �­�ž�� �� �� �� �­�ž �­�ž�Ÿ �®�s �s �s
. (15) 

The first term in the right-hand side of Eq. (15) is responsible for propagation 
of perturbation with velocity 0(1 2 ( , ))V p t x��  along the axis x (if 0( , ) 1/ 2p t x �� ) or in 

opposite direction (if 0( , ) 1/ 2p t x �! ).  The second term is important for understanding 
of thermomigration-driven roughening. It means that the time-dependence of 
perturbation amplitude should be exponential, 

 0
0 0( , ) ( , ) exp 2 ( )

pp t x p t x V t t
x

d d
�• �¬�s �­�ž�� �¸ �� �­�ž �­�ž�Ÿ �®�s

 (16)  

This exponential change means increasing perturbation in the case of 
02 0

pV
x

�s
��

�s
, but decreasing in the opposite case.  The initially smooth and wavy 

perturbation should transform into sharp shock-wave like disturbances.  Thus, 
thermomigration should lead to randomness in the microstructure [2] and to 
stochastic variation of composition profiles. 

 
Ripening under thermomigration  
Electromigration studies in eutectic tin-lead solder bumps as well as in 

composite bumps (high-Pb solder and eutectic SnPb solder) clearly demonstrate the 
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formation of fibrous structures under direct current or alternative current of density 
about 8 210 /j A m�  and higher [9,10]. The fibrous structures are formed as colonies 
(more or less parallel to the local current direction) and seem to be more or less of 
monosize (no large scatter of radii) inside each colony.  

We consider here a two-dimensional (2D) array of long rods of phase 2 
(precipitates) inside parent phase 1 (solid solution). The initial volume fraction 
(actually, area fraction) of phase 2 and/or initial supersaturation are taken as small 
enough so that we neglect the screening, short-range order and “noise” effects in 
ripening. Current is passing parallel to the rod direction, so that we have parallel 
conduction of two phases. We consider the case of alternative current, not to bother 
about electromigration along rods. Due to different electric conductivity of phases the 
joule heating inside phase 2 differs from that in phase 1. It produces local 
temperature gradients around each rod. In turn, these local temperature gradients 
cause the additional driving forces and additional thermomigration fluxes in or out of 
the rods, respectively. As shown below, these fluxes though small by absolute value, 
may well be comparable with the diffusion fluxes, generated by Gibbs-Thomson 
curvature effect.  

Let �� ��0T r
�G

be a steady-state temperature distribution in the whole sample under 

AC in the case of absence of phase 2. Strictly speaking, this distribution cannot be 
spatially uniform, since the steady-state equation for temperature field includes the 
heat source, so that the Laplacian of temperature field cannot be zero:  

 �	 �
2 2
1 0 1T r Ek s�‹ �� ��

�G
. (17) 

Here 1 1,�N �V are the thermal and electrical conductivity of the parent phase, E  
is the applied electric field ( /E j �V� ), which will be more convenient than the current 
density ( j ) in the case of parallel connection because the field is the same in both 
phases. The existing global temperature gradient should generate a global 
thermomigration flux in the whole sample. Yet, as it is well known, in solid solutions 
the thermomigration flux is very effectively counteracted by the arising concentration 
gradients, so that eventually, the total global flux of solute in parent phase becomes 
zero [1]. Thus, in the case of single parent phase (solid solution without precipitates) 
there is a “background” temperature distribution and a “background” composition 
field, which is tailored by the temperature field.  

Next we shall treat the effects related to the change �� ��T r�'
�G

 of the local 

temperature field and the respective redistribution of composition fields caused by 
the insertion of phase 2 to replace phase 1 inside the rods. The additional heat 
source/sink distribution (per unit volume) is  

 �	 �
 2
2 1( ) ,

( ) 0, e

q r E r R
q r R r R

s s�� �� ��

�� �� ��
. (18) 

Here eR  is a radius of “responsibility” region around a given rod. In the 

following, we use the well-known approximation, assuming that the ratio /eR R is the 
same for each rod, so that it can be expressed in terms of second phase volume 

(area) fraction f : �� ��2/ 1/eR R f� . Thus the additional temperature distribution inside 

and around each rod of phase 2 is determined by the following standard steady-state 
boundary problem, using continuity of temperature and its gradient at the interface, 
and tending to a mean-field temperature at the periphery of each region of 
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“responsibility”: 

 
�	 �
 2

2 2 1

1

1
, ,

1
0, ,

Tr E r R
r r r

Tr r R
r r r

k s s

k

�• �¬�s �s�% �­�ž �� �� �� ���­�ž �­�ž�Ÿ �®�s �s

�• �¬�s �s�% �­�ž �� ���­�ž �­�ž�Ÿ �®�s �s

 (19) 

 �	 �
 �	 �
 �	 �
0 0 , 0eT R T R T R�% �� �� �% �� �% �� ,  2 1
0 0R R

T T
r r

k k
�� ��

�• �¬ �• �¬�s�% �s�%�­ �­�ž �ž���­ �­�ž �ž�­ �­�ž �ž�Ÿ �® �Ÿ �®�s �s
. (20) 

Solutions are given below:  

 2 1 2 2 12 2 2 2

2 1 2

R
: ( ) 1 2 ln

4 4
er R T r E R E r

R
s s k s s

k k k
�• �¬�� ���­�ž�� �% �� �¸ �� ���­�ž �­�ž�Ÿ �®

, (21) 

 2 22 1

1

: ( ) ln
2 Re

r
r R T r E R

�V �V
�N
��

�! �' � �� �˜ . (22) 

For our problem, we need only the temperature gradient outside the rod: 

 
2

2 1 2

12r R

T RE
r r

s s
k��

�• �¬�s�% ���­�ž �� ���­�ž �­�ž�Ÿ �®�s
,  2 1 2

10 2R

T E R
r

s s
k��

�• �¬�s�% ���­�ž �� ���­�ž �­�ž�Ÿ �®�s
. (23) 

The flux of solute around a rod is determined by the temperature gradient 
(thermomigration term) as well as by the concentration gradient (Fickian term), where 
the concentration consists of the equilibrium value (solubility) eqc  and the local 
supersaturation c�G : 

 �	 �
 �	 �
 �	 �

2

, ,eq eqc cQ TJ D c r c c r c r c
r rkT

d d
�• �¬�s �s �­�ž�8 �� �� �� �� �� �����­�ž �­�ž�Ÿ �®�s �s

. (24) 

Here, Q is the heat of transport for thermomigration of solute atoms in the 
parent phase 1. 

In line with the standard LSW theory of ripening [11,12], the steady-state 
solution for concentration can be found under thermomigration:  

 �	 �
 2 2
2

0 ( ) 0
cQdiv J c T
kT

d�8 �� �º �‹ �� �‹ �% �� ,    �	 �
 �	 �
, ,ec R c R
R
a

d d�� �� �%  (25) 

Here eqc
kT
�J

�D
�:

� , where , ,k�J �:  are interface tension, atomic volume, Boltzmann 

constant, respectively. Since outside the rod 2( ) 0T�’ �' � , then the steady state 
distribution of concentration gradient around the rod is given as:  

 1 /c R
r r

d a
h

�s �% ��
��

�s
, with 1 1

ln ln
2

eR
R f

h
�• �¬�­�ž�w �� �­�ž �­�ž�Ÿ �®

. (26) 

Thus, the total flux of solute at the interface is obtained as in the following: 

 �	 �

�	 �
2 1 2

0 2
1

1 /

2

eq

R
c QRJ D E R

R kT
s sa

h k��

�• �¬���% �� �­�ž �­�8 �� �� ���ž �­�ž �­�ž�Ÿ �®
, (27) 

so that the growth/shrinkage equation has a specific thermomigration addition:  

 �	 �


�	 �

2 1 2 3

2 2
1

1
1

/ 2eq
QdR D R E R

dt R c kT
h s sa

h a a k

�• �¬���% �­�ž �­�ž�� �� �� �­�ž �­�ž �­�ž �¸�Ÿ �®
. (28) 

We shall see now that the thermomigration term, depending on its sign, will 
change the size distribution evolution.  

We introduce the following characteristic size:  

 
�	 �


�	 �
 �	 �


1/ 3 1/ 32
1 1

2 2
2 1 2 1

/ 2 2
eqc kT Tl

Q E Q E

a k g k

h s s h s s

�• �¬ �• �¬�¸ �8�­�ž �­�ž�­�ž �­�� �� �ž�­ �­�ž �ž�­ �­�ž�ž �­�ž �� ���Ÿ �®�Ÿ �®
. (29) 

Then  
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3

2 3

1
1

dR D RR
dt R l

a
h a

�• �¬�% �­�ž �­�� �� �o�ž �­�ž �­�ž�Ÿ �®
,          

3 3

3

3
1

dR D RR
dt l

a
h a

�• �¬�% �­�ž �­�� �� �o�ž �­�ž �­�ž�Ÿ �®
. (30) 

It is convenient to choose the following dimensionless parameters:  

 /R l�U� , l
a

�% �w �%�¸�� . (31) 

Then �	 �

3

3
3

3
1

d D
dt l
r a

r r
h

�� �¸ �% �� �o�� . (32) 

The following analysis depends on the sign of the product of �� ��2 1Q �V �V�� . The 

most interesting result seems to appear in the case of having a negative sign of this 
product. As it is known that the heat of transfer depends on many factors and can 
have any sign, depending on the parent phase and on the type of the solute. So, we 
choose the case, �� ��2 1 0Q �V �V�� �! . 
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  (a)   (b)  (c)  

Fig.1. Dependence of particle cubed size growth/shrinkage rate 
3d

dt
�U

 on its size �U for 

various nondimensional supersaturations: (a) * 1/33/ 2�' �� �' � �� ��  - all particles shrinking, 
supersaturation growing; (b) *�' � �'�� �� - transient point; (c) *�' �! �'�� ��  - growing particles – between 
two roots (two intersections), shrinking particles – less than first (smaller) root or larger than 
second (larger) root, first root – unstable equilibrium, second root – stable equilibrium. 

 
The analysis below has much in common with the LSW analysis, but it does 

not use the reduced size in u-space, since, due to the thermomigration term, this 
problem has no scaling behavior. The rate of growth/shrinkage is determined by the 
polynomial, 31�U �U�˜ �' �� ���� . Depending on the value of supersaturation, three cases are 
possible, as depicted in Fig. 1. In case (a) of small supersaturation, all rates for any 
size are negative, so all rods are shrinking, leading to the increase of 
supersaturation. In case (b) of critical supersaturation, the curve touches the zero 
level. Conditions of the touching are given by: 

 �	 �
 �	 �

3 3

3 2
3 3

3 3
1 0, 3 0

d D d d D
dt d dtl l
r a r a

r r r
rh h

�� �¸ �% �� �� �� �� �% �� ���� ��  (33) 

So,  

 * 1/ 3 * *
1/ 3 1/ 3

3 3
2 0.794, 1.889 1.9,

2 2 l
a

r ���� �% �� �x �% ������ ��  (34) 

In case (c) of large supersaturation, the first (less) root corresponds to 
unstable size (the smaller is shrinking, and the larger is growing). The second (larger) 
root corresponds to stable size (the smaller is growing, and the larger is shrinking, 
both converging to this very size). We should emphasize once more that all this 
corresponds to absolute values. It means that we may expect the converging of the 
absolute size distribution to a delta-function or monosize distribution. Of course, the 
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physical reason is evident; the thermomigration flux increases with increasing size, 
contrary to the Fickian flux. In our case, �� ��2 1 0Q �V �V�� �! , the thermomigration flux is 

directed outside (from rod to parent phase), providing the limit for the growth of 
second phase particles. This flux stabilizes the absolute size distribution.  

So far we did not manage to find an analytical solution of Eq. (32). The main 
reason is the absence of scaling. Another reason is that the supersaturation, in our 
case, is not obliged to go to zero. Actually, as we will see later, it goes to some 
nonzero limit. Yet, the numerical analysis can be made. We use the method, 
described, for example, in [13,14]. We started with 0 20000N �  particles and just 
solved numerically the set of growth/shrinkage Eqs. (32) for all particles plus the 
equation for supersaturation behavior, taking the conservation law into account and 
removing any particle which has reached zero size:  

 
3

31 , 1,..., ( )i
i i

d i N t
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r

r r
t

�� �¸ �% �� �� ���� , (35) 
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�• �¬ �• �¬�­ �­�ž �ž�­ �­�ž �ž�� �¸ �­ �­�ž �ž�­ �­�­ �­�ž �ž�Ÿ �® �Ÿ �®
�œ �œ . (36) 

The main results of numerical analysis can be summarized as following. In 
general, the kinetics depends on the initial mean size, initial size distribution, and 
initial supersaturation. In all cases (for any initial conditions), the size distribution 
tends to the monosize one. Here we demonstrate the results obtained when the initial 
supersaturation was taken to be coincident with the asymptotic LSW condition: 

0 0/ R�D�' � , so that 0 01/ �U�' � �� . The initial size distribution was taken as uniform within 

some interval �� ��max max
0 0 00, , / 2�U �U �U� . If the initial average size (before switching on the 

current) is substantially less than * 1/32 0.794�U ��� �� , the system starts with LSW-like 
evolution, with growing average size, and proceeds with LSW-like distribution, 
broadening and shifting to larger sizes. But when this distribution approaches *�U, it 
becomes more and more narrow and finally becomes monosize, with all sizes equal 
to *�U (Fig.2). Simultaneously, the supersaturation approaches the critical value 

* 1.89�'�� �� . 
 

 
Fig. 2. Evolution of size distribution in case �� ��2 1 0Q �V �V�� �! . (a) intermediate stage (LSW-

type), (b) final stage - approaching to monosize. 
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If the initial average size is substantially larger than *�U, the distribution starts 

narrowing from the very beginning, shifts to smaller sizes and finishes also with a 
monosize distribution. Yet, this final monosize is larger than *�U and depends also on 

the non-dimensional ratio of /l �D. For example, for / 1000l �D�  and *
0�U �U�!�! , it is 

about *3.3 2.7�U�˜ �| . Supersaturation is then tending to about *5 9.7�'�� �� . 

For the case of �� ��2 1 0Q �V �V�� �� , the thermomigration flux is directed towards the 

rod (incoming flux), and it will not suppress the growth. On the contrary, it accelerates 
the growth: the larger the particle, the faster the acceleration. So, size distribution 
always broadens and moves to larger sizes. This leads to supersaturation becoming 
negative or a depletion of the parent phase. This case will be described in details 
elsewhere.  

To check if the abovementioned behavior can be realized in real systems at a 
reasonable space scale, we evaluate the characteristic length according to Eq. (29). 
We choose the following parameters which are typical for the Sn-Pb system:  
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It gives l  the value of 8 microns. If the parent phase is dielectric, the thermal 
conductivity may be 2 to 3 orders less, so the characteristic size of the final monosize 
distribution will be 5 to 10 times less, which is about 1 micron. If we use a stronger 
field (larger current density), we may obtain nanoscale particles.  

Summary  
1. Thermomigration in eutectic two-phase structure leads to the microstructure 

instability, due to the lack of chemical potential gradient in two-phase mixture to 
counteract the temperature gradient. Instead of steady state of composition gradient, 
the complete phase separation proceeds as a result of combination of 
thermomigration with Kirkendall effect or with backstress. 

2. A stable monosize distribution in ripening is quite possible in the case of 
joule heating of precipitates and thermomigration of solute in the parent phase, under 
the condition of �� ��2 1 0Q �V �V�� �! . The final cubed monosize is proportional to thermal 

conductivity of the parent phase and surface tension of the interface, and inversely 
proportional to the heating power. 

 
Acknowledgment . The authors would like to acknowledge the support by 

NSF contract No. DMR-0503726. One of the authors (AMG) acknowledges the 
support of Ministry of Education and Science of Ukraine and of the Ukrainian State 
Foundation of Fundamental Research No. �N����������������. 
 
 
1. P. G. Shewmon, Chapter 6 in “Diffusion in Solids,” McGraw-Hill, New York, (1963). 
2. Huang, AM Gusak, KN Tu, and Yi-Shao Lai, Thermomigration in SnPb composite flip 

chip solder joints, Appl. Phys. Lett., 88, 141911 (2006).  
3. Blech and C. Herring, Appl. Phys. Lett., 29, 131 (1976). 
4. P. G. Shewmon, “Thermal diffusion of vacancies in zinc,” J. Chem. Physics, 29(5), 



A.M. Gusak, K.N. Tu 

ɺʽʩʥʠʢ ʏʝʨʢʘʩʴʢʦʛʦ ʥʘʮʽʦʥʘʣʴʥʦʛʦ ʫʥʽʚʝʨʩʠʪʝʪʫ. 2007. ɺʠʧʫʩʢ 117 
ʉʝʨʽʷ Ăʌʽʟʠʢʦ-ʤʘʪʝʤʘʪʠʯʥʽ ʥʘʫʢʠò 

http://bulletin.cdu.edu.ua 

22 

1032-1036 (1958) 
5. P. G. Shewmon, “The redistribution of a second phase during annealing in a 

temperature gradient,” Trans AIME, October, 1958, 642-647.  
6. M. Gusak , A. P. Mokrov, V. V. Zhigunov, L. F. Ostrovskiy, “Diffusion description in 

locally heterogeneous alloy,” Physics of Metals and Metallography, 63(6), 1070-1077 
(1987) 

7. P. Gurov, A. M. Gusak, V. V. Kondratyev, M. V. Yarmolenkov, “On description of 
mutual diffusion and Kirkendall effect in alloys with fine-grained structure,” Physics of 
Metals and Metallography, 66(1),34-30 (1988) 

8. For example, Eric W. Weisstein. "Korteweg-de Vries-Burger Equation." From 
MathWorld--A Wolfram Web Resource. http://mathworld.wolfram.com/Korteweg-
deVries-BurgerEquation.html )  

9. Yeh-Hsiu Liu and Kwang-Lung Lin, J. Mater. Res., 20, 2184 (2005)  
10. Fan-Yi Ouyang, K.N.Tu, Yi-Shao Lai, A.M. Gusak, Applied Physics Letters, 89, 211906 

(2006) 
11. M. Lifshiz and V. V. Slezov, J. Phys. Chem. Solids 19, 35 ~1961  
12. V.V. Slezov, Theory of Diffusion Decomposition of Solid Solutions // Harwood 

Academic, 1995!, pp. 99–112.  
13. Gusak, A.M., and G.V. Lutsenko. Philosophical Magazine 85, 1323 (2005)  
14. Gusak, A.M., G.V. Lutsenko, and K.N. Tu, Acta Mater. 54, 785 (2006) 
 
 

�H�^�_�j�`�Z�g�h���j�_�^�Z�d�p�•�}�x�������������������� 
�I�j�b�c�g�y�l�h���^�h���i�m�[�e�•�d�Z�p�•�€��2.11.2007 

 


